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Abstrat
The Brown-Kuha° mehanism is applied in the ase of General Rel-
ativity oupled with the Shutz' model for a perfet uid. Using the
anonial formalism and manipulating the set of modied onstraints one
is able to reover the denition of a time evolution operator, i.e. a phys-
ial Hamiltonian, expressed as a funtional of gravitational variables and
the entropy.
1 Introdution
The problem of time [1℄ is a well known issue in the ontext of the anonial
approahes to Quantum Gravity [2℄ [3℄. In General Relativity (GR) the time
dimension aquires a new meaning: it is no more an external parameter, as in
lassial Newtonian and quantum mehanis, but it is onsidered as part of a
dynamial objet, the metri eld [4℄. This has far reahing onsequenes in the
searh for a quantum theory of gravity, above all in the anonial approah.
If one tries to follow the standard anonial quantization proedure [5℄ [6℄ the
problem soon arises: the most important outome of suh proedure is that
the Hamiltonian of GR is a linear ombination of onstraints, the so alled
super-Hamiltonian HG and super-momentum HGi :
H =
∫
d3x(HGN +HGa N
a) ≈ 0, (1)
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so it vanishes. Considering the Hamiltonian operator Hˆ as the generator of time
evolution in the quantum theory, one obtains the well known Wheeler-DeWitt
equation [7℄ [8℄:
Hˆψ = 0, (2)
and easily sees that there is no possibility for an evolutionary piture.
Dierent approahes have been developed, trying to reover a meaningful de-
nition of time [1℄ [9℄ [10℄ [11℄ [12℄: a possible solution is to ouple matter to the
gravitational eld. It an be shown that there is a strong duality between matter
and referene frames ([13℄ [11℄ [14℄, see [15℄ and [16℄ for a lear example), as one
an intuitively use uid partiles to label spae-time points, while general o-
variane an be reovered simply re-parameterizing the oordinate dependene.
In fat adding oordinate onditions (enfored with Lagrange multipliers) to the
ation of GR gives new terms in the re-parametrized ation, whih an be seen,
in the Einstein equations, as the matter terms. Vieversa matter terms an be
seen as oordinate onditions as well [1℄.
This duality an be used in a more onvenient way through the Brown-Kuha°
mehanism [17℄, whih, by manipulating the set of onstraints of General Rela-
tivity oupled with matter, enables one to reover the denition of a meaningful,
non vanishing, evolution operator.
In this paper this proedure is applied to the Shutz' model of a perfet uid
[18℄. This is a muh more realisti desription of the osmologial uid with
respet to the dust used in [17℄, espeially when the osmologial singularity
is approahed. Indeed the primordial thermal bath is not haraterized by a
dust equation of state (p = 0), but it is better desribed by an ultra-relativisti
perfet uid (having equation of state p = ǫ/3) sine the thermal energy is
muh greater than the mass of the partiles living in the equilibrium. Despite
the Shultz uid is not intrinsially an ultra-relativisti objet, it provides a
proper representation of a uid onstituted by partiles whose own entropy is
onserved. This sheme is very suitable to desribe the initial phases of the
Universe evolution, espeially when we deal with a Universe as an open ther-
modynamial system. Reent studies in osmology outlined the possibility that
the Universe is haraterized by a non-trivial evolution of the equation of state,
as for instane it is predited in late time to desribe the so-alled Dark Energy
phenomenon [19℄. Suh a feature is properly realized when a Shutz' uid is ad-
dressed, and the equation of state will depend on the spei thermodynamial
ondition of the uid.
Thus any reliable implementation to the osmologial framework of a Quan-
tum Gravity theory based on the Kuha°-Brown formulation requires an ex-
tension of the original work to make aount of interation features among the
fundamental onstituents of the Universe. In partiular, we outline that the
Brown-Kuha° mehanism works also in this ase and it gives a strong temporal
value to the entropy eld assoiated with this partiular matter eld. This is an
intriguing result in view of nding a onnetion between the thermodynamial
time and time in Quantum Gravity.
This work onsists in ve more setions.: in setion 2 the Brown-Kuha° meh-
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anism will be reviewed in the ase of a generi salar eld Lagrangian, while in
setion 3 the Shutz' uid will be desribed in the thermodynamial ontext.
In setion 4 the Hamiltonian formulation for the unoupled model will be pre-
sented, and in setion 5 the mehanism will be nally applied to the oupled
model. In setion 6 results and perspetives are spotted out.
2 The Brown-Kuha° Mehanism
We review the Brown-Kuha° mehanism for a generi salar eld Lagrangian,
whose form is the following one
LF = LF [−φ,µφ,µ] = LF [Υ], (3)
where the omma denotes the ordinary derivative and indies are ontrated
with the spae-time metri.
To keep the general ovariane of the theory untouhed and to identify the formal
time variable needed in the anonial formalism, one performs a standard 3+1
ADM splitting of the spae-time [20℄ [21℄, with the assumption M = R × σ
on the 4-dim spae-time manifold M, that gives, dropping ommas denoting
ordinary derivatives of the salar eld without ambiguities:
gµν = −nµnν + qµν (4a)
φ˙ = LTφ = φµT
µ =
= φµn
µN + φaN
a = φnN + φaN
a,
(4b)
−φµφµ = (φµnµ)2 − φaφa = (φn)2 − V, (4)
where N and Na are the lapse funtion and the shift vetor respetively, n
µ
is
the normal to the 3-dim hypersurfaes and T µ is the deformation vetor. Greek
indies run from 0 to 3, labeling the 4-dim manifold oordinates, latin indies
run from 1 to 3 and label oordinates on the 3-dim manifold.
The alulation of the onjugate momentum is now straightforward:
π =
δSF
δφ˙
= −2√qφn δLF [Υ]
δΥ
, (5)
where one has dened q = det(qab), whih an be seen as an equation for Υ. It
an be solved together with the splitting of Υ given by (4), and the system will
have solutions Υ = Υ˜[π, V ] and
φn = Φ[π, V ] =
π
2
√
q
[
δLF
δΥ
]
−1
. (6)
This allows to omplete the Legendre transformation, so that the Hamiltonian
will ontain only spatial quantities and the onjugate momentum π, and will
take the simple form:
HF =
∫
d3x(HFN +HFa N
a), (7)
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where HF is a suitable dened funtional of π, V and the 3-dim metri qab, and
HFa = φaπ.
By adding the Einstein-Hilbert ation of GR the Hamiltonian density will simply
be the sum of the matter-free super-Hamiltonian and super-momentum with the
salar eld terms dened above, beause there are no derivatives of the metri
tensor gµν in the eld ation. The modied onstraints of GR will read
H =HG[q, P ] +HF [π, V, q], (8a)
Ha =H
G
a [q, P ] + φaπ. (8b)
At this point one an square the super-momentum and solve it for V . This allows
one to ompletely eliminate the spatial gradients from the super-Hamiltonian,
whih an be seen as an equation for π. Assuming that in turnH ould be solved
for it, one obtains an equivalent onstraint; in general there will be multiple
solutions, whih an be seleted using onsisteny onditions with the properties
of the model, like the losed Dira algebra of seondary onstraints of GR. Upon
resolution it takes the form:
π − h[q, P ] = 0. (9)
This is the starting point to the onstrution of a physial Hamiltonian, sine, as
soon as the variable φ is taken as internal time and the anonial quantization of
this system is performed, equation (9) an be expeted to lead to a Shrödinger
equation. The physial Hamiltonian will simply onsist in Hphys =
∫
d3xh(x),
but it will need to fulll some neessary onditions:
• Independene from the eld whose onjugate momentum is π.
• Invariane under the 3-di group, i.e. under the ation of the super-
momentum, onsidered as the generator of the spatial dieomorphisms.
This is manifest if h is a salar density of weight one.
• Invariane under re-parametrization of the time-like variable, i.e. {h, h} =
0 strongly [17℄: it tell us that 4-di invariane is not broken expliitly. In
the ase of multiple solutions this ondition may be used to eliminate the
unphysial ones.
One these properties are heked, one is able to write the evolution equation
for observables as the ation through the Poisson brakets of Hphys:
− dO(t)
dt
= {Hphys,O(t)}. (10)
Here one assumes that observables exist, and have the standard property of
vanishing Poisson brakets with the whole set of onstraints.
4
3 Standard desription of baryoni uid
3.1 Thermodynamis
One onsiders a perfet uid omposed by baryons, whose true mass may not
be onserved, but the baryon number N is. So one an dene the onserved rest
mass as mHN = ρ0, where mH is the mass of an hydrogen atom in its ground
state. The spei internal energy Π = U/ρ0 will aount for the dierene with
the real rest mass of the system, as well for eletron-positron pairs, photons,
thermal motion and so on.
The density of total mass energy is then ρ = ρ0(1 + Π).
Following E. Fermi [22℄ a two parameter equation of state is assoiable with this
one omponent uid, so p = p(ρ0,Π).
From the rst law of thermodynamis one an ompute the amount of energy
per unit rest mass added to the uid in a quasistati proess:
δq = dΠ+ pd(1/ρ0), (11)
and using the Pfa's theorem one an laim that there exist funtions S(ρ0,Π),
spei entropy, and T (ρ0,Π), temperature, suh that:
dΠ+ pd(1/ρ0) = TdS = δq. (12)
Dening now the spei inertial mass as µ = (ρ + p)/ρ0 = p/ρ0 + Π + 1, one
an eliminate dΠ in the last equation:
dΠ = −d(p/ρ0) + dµ (13)
and obtain, by integration, the equation of state:
p = ρ0(µ− TS). (14)
In terms of the energy density ρ, the equation above an be written as
p =
(
µ
1 + Π
− 1
)
ρ, (15)
thus the equation of state ontains a dependene on internal degrees of freedom
of the uid and in general it is expeted to vary in time. Hene the whole
dynamial system is muh more ompliated than the standard dust uid and,
in a osmologial setting, we think it better approximates the behavior of the
thermal bath.
3.2 Stress-Energy Tensor and Equations of Motion
The assoiated stress-energy tensor has the standard form:
T µν = (p+ ρ)UµUν + pgµν . (16)
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The onservation of the baryon number N is ontained in the equation:
(ρ0U
ν);ν = 0, (17)
while the normalization of the 4-veloity Uµ leads to the ondition:
UνUν;µ = 0. (18)
Finally, the equations of evolution an be obtained by requiring the stress-energy
tensor to be divergene free:
T µν;µ = 0. (19)
Looking for the omponents perpendiular to Uµ and using eqs. (17) and (18)
one gets:
ρ0TU
νS,ν = 0, (20)
that states that the entropy per baryon is onserved in the motion of the perfet
uid.
4 Veloity-Potentials representation
4.1 Variational priniple in hydrodynamis
The Hamiltonian formulation of a generally ovariant theory of hydrodynamis
requires a standard variational priniple to be applied to the ation, so it is
neessary to develop a eld-like formalism able to desribe uids in this frame.
It is well known that irrotational motion an be derived from a single potential
v = ∇φ, and a result established by Clebsh [23℄ in 1859 laims that any motion
an be represented by three potentials:
v = ∇φ+ α∇β. (21)
This representation has one great disadvantage: the potentials have not a di-
ret physial meaning. This is beause there are no individual evolution (in the
Eulerian sense) equations that give the variation of v without the imposition
of external onditions; and these onditions ome diretly from to the hydro-
dynamis equations. So a three-potential model annot aquire the title of a
onrete alternative to standard hydrodynamis, being atually built on it.
Therefore an extension of this model is required: Seliger and Whitham [24℄
propose a ve-potentials model for non-relativisti uid, where eah potential
has an equation of evolution and one of them is interpreted as the entropy.
A relativisti generalization requires an additional potential [25℄ [18℄. This 6-
potentials model is self-onsistent, and does not need any ondition in order to
reprodue the usual equations of hydordynamis.
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4.2 Fluid ation
A general formulation with veloity potentials is based on the fat that the 4-
veloity Uµ of the uid an be expressed as a ombination of salar elds and
their gradients:
Uν = µ
−1(φ,ν + αβ,ν + θS,ν) =
vν
µ
, (22)
where µ and S are dened as in the previous setion. One more the ommas
denoting uid gradients will be dropped with no ambiguities.
The spei inertial mass an be xed by the normalization ondition on the
4-veloity, so that µ2 = −vµvµ, where the metri is assumed to have signature
(+,−,−,−).
In this way the equation of state reads, with T xed:
p = ρ0(
√−vµvµ − TS), (23)
where the sign ambiguity that omes from the square root is solved by the
request for µ to be positive and vµ to be time-like.
Using the stress-energy tensor (16) and the Einstein equations for matter
δLF /δgµν = T µν/2, (24)
one an ompute the Lagrangian density for the uid. With suh an integration
one an identify:
LF =
√−gp = √−gρ0(
√−vµvµ − TS). (25)
and so SF =
∫
d4xLF (x).
4.3 Hamiltonian formulation
The uid ation so takes the form:
SF =
∫
R
dt
∫
σ
d3 x
√
qNρ0
(√
(vµnµ)2 − vava − TS
)
. (26)
From the denition of momenta the following onstraints are inferred
χ1 = pα = 0, χ2 = pβ − απ = 0, χ3 = pθ = 0, χ4 = pS − θπ. (27)
The Poisson brakets among onstraints read as follows
[χA(x), χB(y)] =


0 π(y)δ3(x− y) 0 0
−π(x)δ3(x− y) 0 0 0
0 0 0 π(y)δ3(x− y)
0 0 −π(x)δ3(x− y) 0

 ,
(28)
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thus these onstraints are seond-lass. Let us now restrit to the onstraints
hypersurfaes parametrized by XA = (φ, π, α, β, θ, S), where the indued sym-
pleti form is given by
σAB(x, y) =
=


0 δ3(x− y) −α(y)
π(y)δ
3(x− y) 0 − θ(y)
π(y)δ
3(x− y) 0
−δ3(x − y) 0 0 0 0 0
α(x)
π(x) δ
3(x − y) 0 0 − 1
π(x)δ
3(x− y) 0 0
0 0 1
π(y)δ
3(x− y) 0 0 0
θ(x)
π(x)δ
3(x− y) 0 0 0 0 − 1
π(x)δ
3(x− y)
0 0 0 0 1
π(y)δ
3(x − y) 0


.
The Legendre transformation will lead to the formal Hamiltonian funtion:
H = N
(√
(π2 − qρ20)V + qρ0TS
)
+Naπva, (29)
where V = vav
a
and non-spatial quantities have been eliminated using rela-
tions below
vµv
µ =
qρ20
π2 − qρ20
V, (30a)
(vµn
µ)2 =
π2
π2 − qρ20
V. (30b)
5 Coupling with General Relativity
By oupling the uid with GR one expets the primary onstraints to be simply
the union of the two sets of primary onstraints, sine the uid ation does not
ontain any derivative of the metri tensor g. As for the matter-free theory
the seondary onstraints will be identied with the funtionals that appear
enfored by the lapse funtion and the shift vetor:
H =
∫
d3x(HN +HaN
a), (31)
whih are
H =
√
V (π2 − qρ20) +
√
qρ0ST +H
G, (32)
Ha = πva +H
G
a . (33)
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The algebra of these onstraints is not modied by the presene of the Shultz
uid. In partiular, if we introdue smeared funtions f, g and fa, ga, the
Poisson brakets between smeared quantities H [f ] =
∫
Σ
d3xfH and ~H[~f ] =∫
Σ d
3xfaHa are given by the following expressions
{ ~H [~f ]; ~H [~g]} = ~H [L~f~g] (34)
{ ~H [~f ];H [g]} = ~H [L~fg] (35)
{H [f ];H [g]} = H [ ~N(f ; g;h)], (36)
L being the Lie derivative, while the expression of the funtion ~N(f ; f ′;h) is
the following
N i(f ; f ′;h) = hij(f∂jf
′ − f ′∂jf). (37)
Therefore, the full ovariane of model is preserved. Moreover the only se-
ondary onstraints that appear are the super-Hamiltonian and super-momentum,
whih in a general model an be onsidered as the simple sum of the ontribu-
tions of the onsidered elds. So it an be shown that they preserve their role
of generators of the dieomorphisms and exhibit a losed algebra.
This means that there are no tertiary onstraints in the model, beause the
onsisteny onditions are fullled. The resulting Hamiltonian is vanishing as
a onsequene of the fat that the dieomorphism invariane was never broken.
At this point one is able to apply the Brown-Kuha° mehanism: squaring the
super-momentum and imposing it on the super-Hamiltonian, one an solve the
latter for π, obtaining something in the form π − h = 0. This way one gets
π ±
√
ρ0q
d
d− Ξ2 = 0 = π − h, (38)
where Ξ =
√
qρ0ST + H
G
and d = HGa H
G
b q
ab
. Ξ is also the expression the
super-Hamiltonian redues to in the o-moving frame.
The h funtion is now the andidate for the onstrution of the physial Hamil-
tonian, dened as in setion 2:
Hphys =
∫
d3x
(
−
√
ρ0q
d
d− Ξ2
)
. (39)
It is a salar density of weight one, as one an easily hek remembering the
weight of the funtionals appearing in (38), so its integral over the 3-dim mani-
fold is invariant under the ation of the 3-dim dieomorphism group, as needed.
Moreover, h does not ontain the eld φ, so its Poisson brakets with π are
vanishing, as well as {π, π}, and the ommutator {h(f), h(g)} does not ontain
any dependene on π. Hene, {h(f), h(g)} annot reprodue any other on-
straint. Sine the full system of onstraints must be rst-lass (H and π−h are
equivalent onstraints) one an onlude, aording with [17℄, that {h(f), h(g)}
strongly vanishes
{h(f), h(g)} = 0, (40)
9
for arbitrary smearing elds f(x) and g(x).
Finally, sine the h and Ha generate respetively re-parametrization of the
time-like variable and spatial dieomorphisms, (39) is an observable.
As one an see the role of the entropy eld S is not very lear in (39), but
it enters expliitly in the time evolution. The general form of (39) is quite
ompliated and any attempt for quantization seems to be not viable. However
the striking result is that the potential term that appears in the ation gives to
the entropy a privileged position in the denition of a time variable.
The diret interpretation of entropy as time variable omes out in the partiular
ase of the o-moving frame. Again the onjugate momentum redues to:
π = −√qρ0, (41)
while the set of seondary onstraints beomes:
Ξ =
√
qρ0ST +H
G = 0, (42a)
Ξa = H
G
a = 0. (42b)
One an use the super-Hamiltonian to obtain an expression for
√
qρ0, so that π
reads:
π =
HG
ST
(43)
Realling the expression for the momentum onjugate to S (27) one an
multiply both sides by θ, so that:
SpS =
θHG
T
= h¯, (44)
whih integrated over the spatial manifold as in (39) gives the equation:
{H¯phys,Of (τ)} = d
dlnS
Of (τ). (45)
So one an identify the time parameter τ with the logarithm of the entropy per
baryon, and nally write:
− d
dτ
Of (τ) = {
∫
d3x
θHG
T
,Of (τ)}, (46)
whih is what one was searhing for: a Shrödinger-like evolution equation for
observables.
6 Conluding remarks
A possible solution to the problem of time in anonial quantum gravity is pro-
posed: using the Brown-Kuha° mehanism one is able to write an equivalent
set of seondary onstraints for GR oupled with the Shutz' perfet uid. In
this ontext the super-Hamiltonian aquires the form of a Shrödinger operator,
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i.e. beomes a physial Hamiltonian, whih generates time evolution for observ-
ables.
It expression is omplex, but the entropy eld S enters diretly its denition:
time and entropy are highly related.
This relation is muh more evident in the o-moving frame, where the absene
of the spatial gradients of the uid allows one to nd a learer physial inter-
pretation: in this partiular ase the logarithm of entropy per baryon is exatly
the time variable. Considering that the number of partiles n for the uid is
xed [25℄, one an simply obtain the entropy of the system by multiplying by
n the S eld. This is surprising, beause there are no hints in the theory about
that privileged role played by the entropy, and beause S, and so its logarithm,
are naturally future pointing quantities in a losed system.
Moreover the evolution operator is rather simple, above all beause the matter-
free super-Hamiltonian appears linearly in the physial Hamiltonian. The only
uid variable is θ, whose equation of motion ontains the arbitrary temperature
funtion T , and whose onjugate momentum is vanishing. It is just an arbitrary
eld xed by initial value onditions.
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